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1. Supplementary Methods

Nonlinear spring constants for a superfluid
thin film

As detailed in the main text, the linear spring con-
stant k, cubic nonlinearity 8 and quartic (Duffing)
nonlinearity « for a superfluid surface wave of ampli-
tude 7 [r, 0] are given by
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In order to reveal the explicit dependence of the
(non)linear spring constants on R, d, u and v, we
evaluate the integrals further.

The integrals in equations (IH3) can be written
jointly as a function <I>Efz, with p = 2,3 and 4, with
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The integral over the angular coordinate 6 in Eq.
is
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where we have introduced the Kronecker delta func-
tion §. Observe here: the reduction of this integral to
2md,0 for p = 3 implies that @S’;O , = 0, so the cubic
nonlinearity § vanishes for all but the zeroth-order
(1 = 0) superfluid modes.

1 } for p ={2,3,4},

We can rewrite the remainder of Eq. by sub-
stitution of the integrand:
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It follows immediately that all spring constants k, 3
and « scale with the square of the confinement radius:
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Table [I] for the three lowest mode orders wand v.

It is worth noting here that for p = 2, i.e., for the
spring constant k, a closed-form expression exists for
the integral fo “* JElq] ¢dg. In that case, we find
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where we took advantage of the Bessel function re-
currence relations and our definition J,[,.] = 0 so
that J,—1[Cu.] = #J#[C#’V]. Then,
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Since ¢, is always larger than 1, we have

0<oP), < % (10)

and up to first order d) v is independent of p and v.

While no closed form exists for qﬁfﬂ,, it too, is found
to be bounded:

0 < 6@ < 165 = 0.44. (11)

The function ¢,(f,2, does not converge for v — oo, but
it grows sufficiently slowly that for the first twenty



mode numbers it is contained in a relatively small
interval:

0 < ¢l < o = (v <20).  (12)

The observations (10H12)) are important, because the
(non)linear spring constants depend on the mode

numbers g and v through the function gbff ),

S
v=1 v=2 v=3
w =0 1/2 1/2 1/2
w =1 0.353 0.482 0.493
w =2 0.286 0.456 0.480
6%,
w =0 —0.437 0.259 —-0.236
i
w =0 1.28 1.48 1.61
w =1 0.290 0.837 1.03
w =2 0.223 0.704 0.891
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With Eq. (4)), and @[), we can then expose the
dependence of the (non)linear spring constants on the
film thickness d and confinement radius R:
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Single-phonon transition resonances from per-
turbation theory

The nonlinear Hamiltonian can be written, with A <
1 a dimensionless parameter, as the sum H = Hy +
AH; of the unperturbed Hamiltonian
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and the perturbation
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Then, within first order perturbation theory,
AED = (n| XH |n)

= A2 (ol o+ ') ) + X2 Sk ] (0 + o) o)

3zt 2ot 1
:0+)\Tpf(n2+n+§) (19)

and through second order perturbation theory,
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The energy eigenvalues of the Fock states of the har-
monic oscillator then become
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with transition energies
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For the systems considered here, we can identify
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the small factors o= ~ — and ~ =
Indeed, they are factors of 1ncreasmgly hlgh order
appearing in the Taylor expansion of the Van der

Waals potential in main text Eq. (6) and (8 ): noting
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For example, for the mode discussed in Figure 6
in the main text and Supplementary Figure 2 and 3,
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which allows us to write the cubic nonlinearity as an
effective modification to the Duffing nonlinearity.



Spectral function calculation with Lindblad
master equation

We numerically solve the spectral function of the non-
linear resonator, using the full Lindblad master equa-
tion of the open quantum system comprising the res-
onator and its environment.

The }gamiltonian of the nonlinear mechanical mode
H= 22& + %k % + %ﬂx‘? + iam‘l can be written in
terms of the eigenstates |j) and eigenvalues E; as
H =3, E;|j)(j|.- The eigenstates and eigenvalues
are obtained by numerically discretizing and diago-
nalizing the Hamiltonian.

The oscillation amplitude can be written in terms
of the eigenbasis as

o= 3" (el + he) + Dy ) Gl (23)
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with matrix elements z;; = (j|z|k). The quantum
master equation of the mechanical mode coupled to
a bath of environmental modes can be derived us-
ing the standard perturbation theory approach in the
eigenbasis [1]. Omitting the fast rotating terms in the
system-bath coupling, we obtain the Lindblad master
equation:

do :
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with
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where o is the density matrix of the mechanical
mode, ne, [Eg;] = (eMEBri/keT — 1)_1 is the ther-
mal phonon occupation number at temperature 7" for
the frequency difference 0 E); = Ej, — E; between the
states k and j, and

Djx o= 21j) (k[ e[k) (5] = |k) (k[ @ — o |k) (k[ (26)

is the Lindblad superoperator for the jump operation
|7) (k|. The difference between Eq. and the stan-
dard master equation for a quantum harmonic oscil-
lator stems from the nonlinearity in the Hamiltonian,
which perturbs the equal energy level spacing.
Defining  amplitude  operators e =
> oksj Tik 17) (k[ and e = (e“')T, one can calcu-
late the correlation function G[r] of the mechanical
amplitude as a function of the separation time 7:

G[r] = <€7 [t+7]et [t]> (27)
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Here we used the Heisenberg representation for
the time-dependent operator e such that e[t] =
¢t ¢ e=iHt with H the total Hamiltonian of the me-
chanical mode coupled to the bath modes.

Applying the quantum regression theorem [2], we
write the correlation in Eq. as a trace over the

Hilbert space of the mechanical mode. In doing so, we
introduce the stationary density matrix of the master
equation 1} 0ss, which is obtained by setting ‘é—t =

in Eq. (25). The correlation function then becomes:

G[r] = Trs [e_eLT (7 0ss)] - (28)

These equations are implemented numerically [3] to
find the solution of G[r]. The spectral function
Szz[Q] can then be obtained as the Fourier trans-
formation of G[7]:

S ! / h e Q7] dr. (29)
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Superfluid phononic crystal
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Figure 1: (a) Unit cell for hexagonal honeycomb lat-
tice with periodicity a. (b) First Brillouin zone with
symmetry points for the reduced wave vector.

We have used the finite element simulation (FEM)
tool COMSOL Multiphysics® to model highly con-
fined third sound modes in a superfluid crystal lat-
tice by solving the hydrodynamic equations for third
sound: The linearized Euler equation

3a =

1?+6'V6:—ﬁvn, (30)

and the continuity equation for the film height
0+7-Vn=—-dV-7. (31)

While the software does not include ready-made
solvers for the third sound, one can map the equa-
tions to those for (first) sound in an ideal gas—
as outlined in Ref. [4]. From the hexagonal unit
cell in Supplementary Figure [I] with lattice constant
a, Floquet boundary conditions on the outer edges
and free boundary conditions on the inner edge, the
band structure is modeled by performing a station-
ary eigenfrequency analysis swept over the Floquet
vector

k = (k1big + kabos, k1b1y + kabay) (32)

with ki and ks dimensionless parameters between 0
and 1 to cover the entire first Brillouin zone,
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Figure 2: Mode amplitude 7n[r, 0] for 30 MHz third
sound in a 11 nm thick superfluid film condensed on
a suspended silicon slab (with van der Waals coeffi-
cient aygw = 3.5 X 10724 m° g2 ) perforated with
55nm diameter holes and 100 nm periodicity. Pan-
els (a) and (b) show the horizontal and vertical cross
sections respectively, in comparison to the 31 MHz
fundamental Bessel mode confined with free bound-
ary conditions to a radius of 56 nm. Finite element
method simulations.

the first reciprocal lattice vector, and

- 47
ba <O, \/§a> (34)
the second reciprocal lattice vector.

For example then, the band structure for a d =
11nm thick superfluid film on an ¢ = 100nm lat-
tice with 55 nm diameter holes is shown on Fig. 6 in
the main text and is found to have a band gap be-
tween 29 and 30.5 MHz. By modeling the full crystal
with a chosen amount of unit cells in either direc-
tion and the central hole removed to form a cavity,
we obtained the mode amplitude n[r, 8] and the areal
energy density
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Figure 3: Finite element model of the quality factor
for a 30 MHz third sound mode in 11 nm thick super-
fluid film condensed on a suspended silicon slab per-
forated with 55 nm diameter holes and crystal lattice
constant 100 nm.

for the 30 MHz mode in the band gap. The ampli-
tude n is shown in Supplementary Figure 2] for a lat-
tice comprising approximately 16 cells in either di-
rection. It is compared to the amplitude found for
a tiny crystal comprised of only two cells in either
direction. It can be seen that while the mode profiles
diverge slightly farther away from the central defect,
they overlap in the central region.

Since the cavity confinement in the crystal is not
quite a perfectly circular confinement, it is instruc-
tive to look for the circular Bessel mode most closely
resembling the profile of the trapped mode. For the
present parameters, that is the R = 56 nm fundamen-
tal mode plotted in Supplementary Figure [2| Its fre-
quency is 31 MHz (cf. 30 MHz for the trapped mode).
From the latter, we can estimate the intrinsic single-
phonon nonlinear shift: here §Q[aer]/2r = 35Hz.
That means that a Q-factor @ = Q,,/I" in excess of
105, or Q- f > 6 x 10'3 Hz is necessary to resolve the
granular nature of the resonator.

The energy density is plotted for the same two
lattices on the right panel of Supplementary Figure
The left panel shows the quality factor associ-
ated with acoustic radiation loss. As the number of
cells in the lattice increases, the quality factor in-
creases exponentially and exceeds 108, the threshold
for single-phonon resolution, for 10-cell lattices.

2. Supplementary Discussion

Dissipation of energy

Energy contained in superfluid “He third sound may
decay through several different channels. Under-
standing ways energy can dissipate is especially im-



portant in the third sound resonator, since the res-
olution of intrinsic single-phonon statistics requires
the damping I' to be smaller than the the single-
phonon resonance shift 2. Experimentally, it has
been observed that @ - f products (the product of a
resonator’s quality factor and frequency) in nanome-
chanical systems tend to lie below 10'¢ Hz @, al-
though much larger Q - f values exceeding 10'° have
been reached recently by use of phononic crystal cav-
ities . It nonetheless is reasonable to require @ f
products for single-phonon nonlinear third-sound res-
onators to lie below that limit, within the regime
of operation of the majority of nanomechanical res-
onators.

Firstly, dissipation mechanisms involving the role
of large densities of pinned vortices have been pro-
posed to account for the observed dissipation in ex-
periments Eﬂ Our recent work on optomechanical
detection of vortices however appears to rule out such
large remnant vortex densities on smooth microfab-
ricated third sound resonators . In addition, the
sound-vortex coupling is known from theory to in-
crease with decreasing resonator area [4], resulting in
a further reduction of vortex pinning and therefore
further reduction of vortex-induced dissipation. (See
main article text.)

Secondly, in the two-fluid model of superfluid third
sound, the superfluid component oscillates while the
normal fluid component remains stationary. This
leads to temperature gradients between the colder
wave peaks and warmer troughs , and these tem-
perature gradients can lead to thermal energy dis-
sipation through evaporation and recondensation of
helium atoms between the peaks and troughs of the
wave, as well as irreversible heat flow through the
substrate [11H13]—forming in essence an analog of
the thermo-elastic damping encountered in mechani-
cal resonators [14].

Finally, a fundamental loss mechanism remains
the acoustic energy radiated out of the resonator
due to imperfect wave reflection at the resonator
boundary—corresponding for instance to the acous-
tic energy lost through the pedestal in the case of
a superfluid-coated microdisk or microtoroid geome-
try . This dissipation mechanisms plays the
role of clamping losses in micromechanical resonators
[17], and, as in the case of solid microresonators, may
be suppressed through the use of a phononic bandgap
structure . In particular, the damping I" de-
creases exponentially for modes trapped in phononic
lattices with an increasing number of cells.

We study in detail the process of thermal dissi-
pation and acoustic radiation in the following two
Sections.

Thermal dissipation

In the usual limit, third sound waves are treated as
an oscillation in the height of the superfluid compo-
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Figure 4: Third sound wave quality factor as a func-
tion of frequency and temperature for a film thick-
ness of 11 nm. The physical properties of the film
and substrate have been taken from [20-24].

nent of the film, with the normal component viscously
clamped and therefore of constant height. This ap-
proximation is valid so long as the normal-fluid pen-
etration depth d, = (2v,,/Qp,)'/? is larger than the
film thickness d, where v,, is the viscosity of the nor-
mal fluid and € is the frequency of the wave. In this
case, the motion of the sound wave creates oscillating
regions of high and low superfluid-to-normal fluid ra-
tio. This changing ratio corresponds to a change in
the temperature in the thin film between crests and
troughs of the third sound wave. Heat will then flow
from troughs to crests, dissipating energy.

Bergman derived a solution for the complex
speed of third sound plane waves c3, including
both evaporation-condensation and thermal damp-
ing through the substrate . However, Bergman’s
equations are highly complex and difficult to solve.
In earlier work, Atkins presented an alternative sim-
pler solution [11], making a series of approxima-
tions about the film thickness, thermal dissipation
mechanisms and third sound frequency. In the thick
film /high frequency limit (as would be the case here),
attenuation of third sound is dominated by the phe-
nomenon of evaporation and condensation of helium
atoms between the film and the gas . In this
limit, the attenuation derived by Atkins differs from
Bergman’s more complete analysis only by a factor
of 16/9 |13], and provides therefore a reasonable
estimate of the expected magnitude of the thermal
damping. Atkins’ expression for the complex third
sound speed c3 is given by :

pfd , pST _ B\ _,Kf
2 PHe + PHe [(S pHe> ZpHeQ]
C3 = C - KL (36)
Voo

Where pre and p are the total fluid density and super-



fluid component density, respectively, d is the depth
of the film and f is the van der Waals force per unit
mass at the surface of the film [20]. C, S and L are
the specific heat, entropy and latent heat of evapo-
ration of the film [21]. S is the slope of the vapour
pressure curve and K is the mass flow from evap-
oration both taken from the Vapour Pressure data
published by Donnelly and Barenghi [21]. Solving
this equation for ¢ gives the quality factor @ of the
third sound wave via Q@ = R(c3)/23(c3).

We use Eq. here to determine the thermal dis-
sipation dominated quality factor for a third sound
wave on a silica substrate as a function of tempera-
tures, film thicknesses and third sound frequencies.

Supplementary Figure[d]shows the thermal dissipa-
tion dominated () for an 11 nm thick film as a func-
tion of temperature and oscillation frequency. We
chose a frequency range of 1 to 50 MHz , consis-
tent with the range of third sound mechanical res-
onance frequencies expected for confinement length
scales ranging from tens of nanometres to a micron
with this film thickness. We choose a temperature
range of 0.3 to 1.0 K, easily achievable using a stan-
dard dilution refrigerator or helium-3 cryostat. From
the figure we can see that the quality factor improves
dramatically with decreasing temperature, and that
it increases with increasing frequency. This rise with
frequency is expected from Eq. , where high fre-
quencies suppresses the complex component respon-
sible for the damping. This effect of high frequency
reducing damping also arises in thermoelastic damp-
ing where there is a characteristic time for the tem-
perature fluctuation from a deflected beam to diffuse.
At high frequency the system does not have suffi-
cient time to respond to the change in temperature,
reducing the diffusion of heat through the system
and increasing the Q [25]. The thermal-dissipation-
dominated quality factor exceeds 10° for the entire
frequency range for temperatures beneath 0.4 K.
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Figure 5: Third sound wave quality factor as a func-
tion of temperature at 30 MHz for a 11 nm thick film.
The yellow line: rough fit to a 77 dependence.

At low temperature the film has almost no normal
fluid component. The difference in the proportion

of superfluid component at the peaks and troughs of
the third sound wave is reduced as a result, which
reduces the temperature gradient. This causes the
thermal damping to drop significantly as the normal
fluid fraction drops. This dependence can be seen
in Supplementary Figure The third sound wave
frequency and film thickness in this case are chosen
to match the phononic crystal cavity mode shown
in Fig. 6(b) of the main text. As can be seen, the
predicted thermal-dissipation-dominated quality fac-
tor exceeds 10° at temperatures beneath 0.5 K, so
that (as discussed in the main text) thermal dissipa-
tion should not preclude reaching the single phonon
nonlinear regime. The fit in Supplementary Figure
shows a rough temperature dependence of Q o T7,
showing the dramatic suppression of thermal dissipa-
tion with decreasing temperature.
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Figure 6: Third sound quality factor as a function of
film thickness and frequency, at a temperature of 400
mK.

Supplementary Figure [f] shows the dependence of
the thermal-dissipation-dominated third sound qual-
ity factor on frequency and film thickness for a fixed
temperature of 0.4 K. This shows that the quality
factor is predicted to decrease as the film thickness
reduces. It also illustrates, again, the strong increase
in quality factor predicted with increasing frequency.

Critical velocity

Liquid helium retains its superfluidity only as long
as the particle velocity in the fluid v remains below
its critical velocity v, i.e. v”—c < 1. Since this work
is concerned with strong confinement of superfluid
films, it is important to verify that superfluidity is
retained for all radii R and film thicknesses d consid-

ered. From Ref. [L1], v/ve = -2-=<7= [11].
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Figure 7: Ratio of superfluid particle velocity to crit-
ical velocity ve. (a) Zero-point motion velocity v,p¢
and (b) thermal motion velocity vy, at 0.5 K. Shaded:
regime of single-phonon nonlinear third-sound res-
onator. Red lines indicate v,pr = v. and vy, = v
crossovers. Hatched: region outside of validity of this
work (d > R)

We consider two cases, first the case where the
third sound mode is cooled to its motional ground
state, and second the case where it is thermalized at
temperature 7. In the former case, the velocity ratio
is

Vapf _ P Tapi[R, d] (37)
Ve PHe d ’
where v,p¢ is the zero point velocity, while in the lat-
ter case it is

Vth P Typi[R,d] 2
U_c - E d 1+ "m[R,d]/ksT _ 1" (38)

In Supplementary Figure [7] we show these two ra-
tios as a function of the radius of the third sound
mode and the superfluid film thickness, taking T" =
0.5 K for the thermalized mode. It can be seen from
these figures that the regime of operation we consider
in the main text for nonlinear superfluid resonators
(shaded) lies far outside of the regime where superflu-
idity breaks down, both for a third-sound resonator
in its ground state (Supplementary Figure[7h) and for
one cooled to 0.5 K (Supplementary Figur). Even
in the most extreme parameters probing the limits
of our model (T = 0.5 K, R = 20 nm, d = 5 nm),

the particle velocity remains two orders of magnitude
lower than the critical velocity (ve = 250 vip,).

We finally note that, while it might be expected
that the particle velocity would increase with decreas-
ing film thickness from the explicit inverse-d depen-
dence of both Egs. and , in fact the opposite
is predicted. This is due to the dependence of the
resonator’s spring constants and zero-point motion
on the film thickness d, as derived in Eq. (9-11) and
(23) in the main text.
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