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Materials and Methods

1 Experimental details
Our experimental system consists of a whispering-gallery-mode (WGM) microtoroidal optical
cavity placed inside a vacuum- and superfluid-tight sample chamber at the base of a closed-
cycle 3He cryostat. The sample chamber is filled with 4He gas, with a pressure P = 70 mTorr
at temperature T = 2.9 K. Cooling down across the superfluid phase transition temperature
condenses the 4He gas into a few-nm-thick superfluid film, which coats the inside of the sample
chamber and the optical microcavity (31). For the 4He gas pressure used in the experiment (70
mTorr) the bulk superfluid phase transition temperature is around 1 K. The experiment is carried
out at T ∼ 500 mK, with a 7.5 nm superfluid film thickness. This film thickness is chosen,
because it is found to provide a clean third-sound spectrum that can be read-out optically with
high signal-to-noise.

The microcavity is fabricated from a wafer made of a 2 µm thick thermal oxide layer grown
atop a silicon substrate. The high-quality thermally grown oxide ensures that both top and
bottom surfaces of the fabricated resonator have typically < 1 nm RMS roughness (52), leading
to reduced vortex pinning (see section 6). The silica microtoroid is isolated from the silicon
substrate atop a silicon pedestal (31). Light from a NKT Photonics (Koheras Adjustik) fibre laser
with wavelength λ = 1555.065 nm is evanescently coupled into a resonator WGM (linewidth
κ/2π ≈ 22 MHz) via a tapered fibre. Superfluid film motion modulates the effective optical
path length for the light confined to the periphery of the microcavity (31, 41). This modulation
manifests as fluctuations on the optical phase which are resolved via balanced homodyne
detection (New Focus 1817) implemented within a fiber interferometer. The photocurrent is
recorded with an Agilent Technologies MSO7104A oscilloscope with a sampling rate of 2 MHz.
More experimental details are available in reference (31) and its supplementary information.

1.1 Superfluid film properties

With the film thickness and temperature of the superfluid film given above, the superfluid healing
length is much smaller than the film thickness, so that the system resides outside of the regime
of BKT superfluidity. However, it is quasi-two-dimensional, since only a handful of Kelvon and
z-phonon modes have energy below kBT . Applying the standard Kelvon dispersion

ω =
κk2

4π
log

(
1

krc

)
, (S1)

and assuming a lowest wavenumber k = π/d for film thickness d, we estimate that approximately
six modes have energy below kBT . Similarly, assuming phonons with dispersion ω = ck , we find
that the lowest mode propagating in the z-direction (vertical) has energy ∼ 1.5kBT , suggesting
perhaps only the lowest transverse mode may be relevant. We note that this classification of the
superfluid film as quasi-two-dimensional is consistent with previous experiments on superfluidity
in Bose-Einstein condensate (see e.g. (17, 18)).

1



1.2 Monitoring of the vortex-induced frequency splitting

In order to display the frequency splitting evolution data shown in Fig. 3 of the main text, we
record the balanced-detector photocurrent with an oscilloscope. The acquired data consists of 6
consecutive traces, separated by short gaps corresponding to the data saving time. Each trace
is 50 s long and contains 100 million points (sampling rate 2 MHz). Each 50 s trace is then
broken down into 125 bins, each 0.4 s long. We Fourier-transform each bin in order to obtain
6× 125 = 750 third-sound power spectra, as shown in Fig. S1(A). We fit each tracked sound
mode with a double-peaked Lorentzian function in order to acquire the frequency separation
between the split peaks, see Fig. S1(C). This allows us to plot the frequency splitting for the five
tracked sound modes as a function of time, with 750 time steps during the 360 s experimental
decay process.

1.3 Geometric contribution to sound splitting

Small departures from circular symmetry of the resonator, for instance induced by the CO2 laser
reflow process used to form the microtoroid (31), may split the third sound modes even in the
absence of vortices in the superfluid film. This geometric splitting (39, 40) of the third-sound
modes is analogous to the roughness-induced optical doublet splitting well known in high-Q
optical microcavities.

In our experiment, most third-sound modes exhibit some small (< 1 kHz) degree of geometric
splitting (31). This splitting is easily distinguishable from vortex-induced splitting, as it is of
smaller magnitude, constant in time, and can be determined by observing the native splitting
present when repeatedly cycling through the superfluid transition temperature. To account for
it, we remove its contribution to the total splitting ∆ftotal in order to isolate the vortex-induced
contribution ∆fvortex using the following relationship (40):

∆fvortex =
√

∆f 2
total −∆f 2

geo (S2)

The data presented in Fig. 3 of the main text corresponds to the vortex-induced splitting, with
the geometric splitting contribution removed.

2 Third-sound mode identification
Figure S1(A) shows a power spectrum of the microcavity transmitted light, revealing the presence
of multiple superfluid third-sound modes. Correct identification of the third-sound modes is
important in order to ascertain how each third-sound mode is differently affected by the presence
of vortices (39). As we discuss in section 2.1 below, the presence of the pedestal has a negligible
effect on the third-sound eigenfrequencies, such that the experimental spectrum can be fitted
with the eigenfrequencies of a disk resonator. These are Bessel modes of the first kind, identified
by their (m,n) mode numbers, which respectively correspond to the mode’s azimuthal and radial
order (see section 2.1).
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We find that our experimental spectrum can be well reproduced by the eigenfrequencies of a
30 µm radius disk resonator with free boundary conditions and a 7.5 nm film thickness1, with
typical frequency discrepancies on the order of a percent (41). Note that the frequency spacing
of higher-order Bessel modes is not harmonic, which allows us to discriminate between free and
fixed boundary conditions (41). The ‘free’ boundary condition requires the radial component
of the superfluid velocity to be zero at the boundary, and hence implies no mass flow across
the resonator boundary. The ‘free’ boundary condition is therefore also known as the ‘no-flow’
boundary condition, consistent with our choice of boundary condition for the vortex flows in
Sections 3 and 7.

Rotationally invariant third-sound modes (m = 0) are most efficient at modulating the
effective optical path length of the resonator (41, 53), and thus generally have the highest
optomechanical coupling rate and hence the largest signal-to-noise ratio in the power spectrum.
This is indeed what we observe, with the fundamental ‘drumhead’ (0,1) Bessel mode having the
largest signal-to-noise ratio in the experiments, see Fig. S1(A). Rotationally invariant modes,
however, cannot be decomposed on the basis of clockwise and counterclockwise propagating
modes. As such, we do not expect these modes to display any vortex-induced splitting (39).
Again, this is what we observe, with the (0,1) mode remaining unperturbed by the vortex
generation process, while the (1,3), (1,4), (1,5), (1,7) and (1,8) modes all exhibit splitting, as
seen in Fig. S1(A). Observed power spectral densities and frequency splittings of all these modes
at the start of the measurement run, i.e. right after the vortex generation process, are shown in
Fig. S2.

Note that the circular resonator geometry confines third-sound modes both on its top and
bottom surfaces. We have however limited our analysis to the third-sound waves located on the
underside of the resonator for two main reasons. First, the third sound waves on the top-surface
exhibit a smaller splitting due to the presence of vortices generated on the underside of the
resonator near the pedestal, as the flow field generated by these vortices is weaker on the top
surface. Furthermore, the laser reflow process used to form the optical microcavity typically leads
to an offset of the toroidal ring with respect to the equatorial plane of the disk (54), due to the
glass preferentially curling upwards during the melting process. For this reason, the third-sound
modes located on the topside of the resonator appear at different frequencies and are typically
more shielded from the optical mode and therefore appear with a lower signal-to-noise in the
experimental spectra. Peaks around 230 kHz and 315 kHz in the power spectrum of Fig. S1(A)
are for instance ascribed to third-sound modes confined to the topside of the resonator.

2.1 Influence of pedestal on third-sound modes

Here we consider the influence of the silica microtoroid’s silicon pedestal on the superfluid
helium third-sound eigenmodes on the underside of the toroid (2.1), as well as the pedestal’s

1The film thickness (via its influence on the speed of third-sound) is used as the sole fitting parameter to match
the Bessel mode spectrum. The fitted value of film thickness (7.5 nm) is in good agreement with values extracted
from the optical cavity frequency shift (31).
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influence on the splitting experienced by these third-sound waves (2.1).

Computation of third-sound eigenfrequencies and splittings. In order to compute eigenfre-
quencies of third-sound modes and their corresponding vortex-induced frequency splittings, we
exploit the Finite Element Method (FEM) techniques outlined in reference (39). The essence
of these techniques is the following. Superfluid hydrodynamics, described by a system of the
continuity and the linearized Euler equations (40, 42), can be exactly mapped to fluid dynamics
of an ideal gas. Similarly, the flow field of a quantized vortex, upon applying a simple trans-
formation, is described by Gauss law, and can be exactly mapped to electrostatics. This allows
us to compute the dispersive interaction between vortices and sound modes, and therefore the
vortex-induced mode splitting, using the finite element tool COMSOL. For the third-sound
modes on a disk geometry, which due to their circular symmetry are defined by Bessel functions,
the mode splittings can also be estimated analytically, which was used to verify the simulation
results.

Mechanical frequency. Using the FEM techniques described just above, we compare the
third-sound eigenfrequencies on an annular domain with free-free boundary conditions at the
edge of the disk as well at the level of the pedestal, to the eigenfrequencies on a simple disk
geometry of same outer radius. The results are summarized in Table S1. The effect of the
pedestal on the third third-sound frequencies is negligible, typically less than one percent. This
is because the presence of the pedestal does not significantly alter the third-sound eigenmode
shapes, as shown for three different eigenmodes in Fig. S3 and discussed in 2.1.

Mode frequency splitting. Similarly, again exploiting the FEM techniques outlined above,
we compare the third-sound mode frequency splitting ∆f due to a vortex at the center of a disk
geometry to the splitting due to a persistent current around the pedestal in an annular domain.
The results are also summarized in Table S1. The splitting differences are again small, typically
below 3%. For this reason, it is reasonable to neglect the presence of the pedestal and model the
underside of the microtoroid as a circular disk resonator, so far as the mechanical eigenmodes
and the splitting they experience is concerned. (The presence of the pedestal is taken into account
in the kinetic energy calculations discussed in section 7).

Eigenmodes of a disk and annulus. Here we briefly describe the analytical expression of the
superfluid third sound eigenmodes. The eigenmodes on a disk are given by (41):

ηm,n (r, θ) = η0 Jm

(
ζm,n

r

R

)
cos (mθ) , (S3)

where ηm,n describes the out-of-plane deformation of the superfluid surface for the (m,n) mode
as a function of polar coordinates r and θ. The (m,n) numbers respectively correspond to the
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mode’s azimuthal and radial order, and ζm,n is a frequency parameter depending on the mode
order and the boundary conditions. The eigenmodes on an annulus (41) are given by:

ηm,n (r, θ) = η0

(
Jm

(
ζm,n

r

R

)
+ ξYm

(
ζm,n

r

R

))
cos (mθ) (S4)

Where Jm and Ym are respectively Bessel functions of the first and second kind of order m. For
small values rp � R, as is the case in our experiments, ξ � 1 as Ym diverges at r = 0, and the
eigenmodes of the annulus are very close to those of the disk.

3 Dissipative point-vortex dynamics
Here we introduce the dissipative Point Vortex Model (PVM) discussed in the main text. We
employ this model in order to:

• Calculate the metastable quasi-equilibrium states of the system (sections 3.2 and 3.5).

• Provide a fit to our experimentally measured vortex decay dynamics and extract the mutual
friction coefficient α (also sometimes termed the dissipation coefficient) and diffusion
coefficient D (section 3.3).

3.1 Model

The motion of quantum vortices of circulation κj = sj h/m (with sj ∈ Z the vortex charge)
in a thin superfluid film of density ρs, thickness d, and temperature T can be described by the
equation of motion (55, 56)

dri
dt

= vi
s + C(vn − vi

s) + si

(
Dhρsd

mkBT

)
ẑ× (vn − vi

s). (S5)

Here vn is the velocity of the normal fluid and vi
s is the local superfluid velocity, evaluated at

ri, excluding the self-divergent velocity field of the vortex at ri (56). The parameters C and
D are phenomenological mutual friction coefficients, which originate from the scattering of
quasiparticles such as phonons, rotons, and ripplons by the vortex cores; these parameters are
dependent on temperature, film thickness, and the complex interactions of vortices with defects
in the substrate (55, 56). Note that in the absence of friction, a vortex simply moves with the
local superfluid velocity, as in the case of ordinary point-vortex dynamics of an ideal fluid (57).
The value of the diffusivity D is typically < ~/m when operating well below the superfluid
transition, as is the case for our experiments (8). The parameter C ranges between 0 and 1.

In our system the normal fluid is viscously clamped to the surface of the microtoroid (31)
and we may therefore assume vn = 0, giving

dri
dt

= (1− C)vi
s − si α (ẑ× vi

s). (S6)
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where we have defined the mutual friction coefficient α = (Dhρsd/mkBT ). The superfluid
velocity vs generated by the vortices is determined by the Green’s function of the domain (56).
Here we approximate the surface of the microtoroid as a hard-walled circular disk of radius R.
The velocity at vortex i is thus given in terms of the relative vortex positions as

vi
s =

1

2π

∑
j 6=i

κj
r2ij

(
−yij
xij

)
+

1

2π

∑
j

κ̄j
r̄2ij

(
−ȳij
x̄ij

)
, (S7)

where xij = xi − xj and, r2ij = x2ij + y2ij . The barred terms x̄ij = xi − x̄j , etc. correspond to
image vortices with κ̄j = −κj placed outside the disk at the inverse point r̄i = R2ri/|ri|2. These
fictitious image vortices enforce the boundary condition vs · n̂|r=R = 0, i.e. the flow across the
boundary is zero at r = R.

The kinetic energy of the fluid can be expressed in terms of the relative vortex positions. In a
disk of radius R, the vortex Hamiltonian for N vortices with core size a0, is given by (58, 59)

H =− ρsd

4π

N,N∑
i<j

κiκj ln

(
r2ij
Ra0

)
+
ρsd

4π

N∑
i=1

κ2i ln

(
R2 − r2i
Ra0

)

+
ρsd

4π

N,N∑
i<j

κiκj ln

(
R4 − 2R2ri · rj + r2i r

2
j

R3a0

)
, (S8)

where ri = |ri|. In the absence of friction (α = C = 0), H generates the vortex dynamics,
described in Eq. (S7), from Hamilton’s equations as

κi
dxi
dt

=
∂H

∂yi
, κi

dyi
dt

= −∂H
∂xi

. (S9)

In addition, the angular momentum of the fluid, L =
∫

d2r (r×u)z, with velocity field given
by u, can be calculated from the position of the point vortices for the case of zero net circulation
relevant here as (60)

L = −ρdR
2

2

∑
i

κir
2
i . (S10)

The parameter C is non-dissipative (it does not influence the relative distances between
vortices), and therefore does not contribute to the decay of the superflow (55). We therefore set
C = 0. As shall be addressed later in section 3.3, we measure the mutual friction coefficient to
be on the order of α ∼ 10−6. As the dimensionless parameters α and C originate from similar
microscopic processes, we expect that they would be of comparable magnitude, as is indeed the
case in bulk superfluid helium (61–63); since α� 1, the assumption (1− C) ≈ 1 is therefore a
reasonable approximation.

We add two phenomenological features to the model:
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• Pinning of vortices to the pedestal of the microtoroid. In our experiments, we infer a
large multi-quantum vortex is pinned to toroid’s pedestal. To model this, we assume rigid
pinning, forcing Eq. (S6) to equal zero for the vortices pinned at the origin.

• Vortex-antivortex annihilation. Vortex-antivortex pairs in a superfluid annihilate once
they approach each other within a distance comparable to the core size (64), which is not
included in Eqs. S9. To account for the annihilation of free vortices in the orbiting cluster
with quantized circulation of the opposite sign trapped around the pedestal, we remove
a free vortex from the simulation when it reaches the radius of the pedestal, rp = R/30,
along with one quantum of circulation from the pedestal.

3.2 Metastable states

The description of the vortex distributions in our experiments in terms of metastable states relies
on a separation of timescales between the dissipative and coherent dynamics. In this case, the
system will sample many microstates on a timescale short compared to the time over which
the energy, angular momentum and vortex number change, with the average behaviour (i.e.
the metastable state) given by the macrostate with the largest entropy (17, 19, 65). To estimate
the characteristic timescale for the coherent dynamics we evolve the conservative (α = 0)
Hamiltonian dynamics of the cluster and calculate its dipole moment

|d| =
∣∣∣∣∣ 1

N

N∑
i

si ri

∣∣∣∣∣, (S11)

as a function of time. We begin the simulations with a ring of vortices with zero dipole moment.
We find that the dipole moment rapidly becomes non-zero as the vortex dipole forms, and
asymptotes towards a non-zero value at which point it persists indefinitely. In Fig. S4, we plot
the dipole moment for a cluster of 17 negative vortices, initialised initially in rings of varying
radius r0 (so as to easily parametrize the cluster), in the presence of a flow generated by a pinned
κ = 17h/m vortex at the centre of the disk. Due to the chaotic dynamics of the vortices, the rings
become disordered over time, evolving towards a horse-shoe shaped distribution characteristic
of a metastable state. Figure S4 shows that for all choices of initial radius the dipole moment
of each distribution asymptotes to a constant value within a time smaller than τ ∼ 20 ms. This
value is consistent with the estimation based on the τ ∼ r2c/Nκ formula discussed in the main
text.

The system therefore does exhibit the required large separation of timescales between
the time for mixing (the cluster turnover time) and the timescales for dissipation (minutes)
and annihilation events (tens of seconds). As the dynamics are expected to be chaotic, on
intermediate timescales the system will explore many microstates in a narrow band of kinetic
energy and angular momentum values at fixed vortex number. It hence approximately realizes
the microcanonical ensemble, with only the energy, angular momentum, and vortex number
of the initial distribution defining the metastable state. Using this information, we calculate
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the metastable states over the entire experimentally-relevant parameter space of (N,L,K). We
range the vortex number between N = 2 to N = 19 (as N = 1 corresponds to the trivial case
where the vortex simply orbits at a constant radius). For each cluster number, we sample ∼ 270
points in (L,K) space and simulate the conservative point-vortex model (α = 0) for t ' 0.6 s to
ensure the cluster has had enough time to sample the metastable state (c.f. Fig. S4)

We visualize each metastable state by calculating the mean density of vortex positions over
the course of the simulation. As the vortices perform many orbits during a simulation, plotting
this in a fixed reference frame would produce a doughnut-shaped rotationally invariant-density
profile. In order to visualize the angular spread of the orbiting cluster, we instead go into a
frame rotating with the vortex cluster: at each time step, we rotate the cluster such that its dipole
moment lies along the y-axis (66). An example of this visualisation can be seen in Fig. S5(B).

3.3 Implementation

We solve the system of equations in Eq. (S6) to calculate the motion of vortices with energy
damping. We initialize the positions of the 17 negative vortices via a random uniform distribution
to form a ring, with the condition that the distribution must have a kinetic energy comparable to
the initial energy in the experiment (∼ 0.9 aJ). We simulate the dynamics of the system thirty
separate times with different initial vortex positions, each constrained by initial energy, with
dissipation α = 0.03. The total kinetic energy of the system is computed using the Hamiltonian
in Eq. (S8). In Fig. 4C&D of the main text, a single simulation result is plotted (solid blue line),
with the light-blue shading representing one standard deviation on either side of the mean in the
thirty runs.

Since the free vortex cluster evolves slowly through quasi-equilibrium states, we find that the
macroscopic dynamics scale with the mutual friction coefficient α, as shown in Fig. S6. Each
curve seen in Fig. S6 is an average over 10 runs with different initial conditions. We expect
that scaling will improve at lower dissipation rates as the timescale of energy loss will be far
smaller than the timescale of coherent dynamics. As such, we choose a value of dissipation that
is larger than the experimental one, and scale the results accordingly to best fit the experimental
data, rescaling α in the process. This is necessary due to increasingly large simulation times for
decreasing α. Within our simulations, we effectively run the system for approximately ∼ 50 ms.

3.4 Mutual friction coefficient

After scaling the results from the simulations, we find the experiment is consistent with a
mutual friction coefficient of α ∼ 2× 10−6, and hence a diffusion coefficient of approximately
D ∼ 1 × 10−16 m2 s−1. Values of α and D extracted from the second set of measurements
(see section 5) are in close agreement, yielding α ∼ 3 × 10−6 and D ∼ 1.5 × 10−16 m2 s−1.
Even though the vortices in our superfluid film are quasi-two-dimensional, the observed mutual
friction is consistent with observations for bulk helium at the same temperature (45).

We note that Svistunov and Kozik (67) provide an expression for the mutual friction in bulk
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superfluid

α =
Υ

2π

(kBT )5

~3mHeρc7
, (S12)

assuming ballistically propagating phonons scattering from a vortex (valid at low tempera-
ture/high superfluid fraction), where Υ ∼ 35.368. Assuming T = 500 mK, ρ = 145 kg/m3 and
c ∼ 240 m/s yields α ∼ 2.3× 10−6, close to the values we observe.

While consistent with our observed values, it is unclear to what extent the above formula
may be applied to our system, given that we expect most of the vertically-propagating phonon
modes and Kelvin modes to be suppressed by the quasi-two-dimensional geometry. Future work,
measuring the decay over a range of temperatures, film thicknesses and perhaps varying surface
properties, would elucidate the contributions of various mechanisms to the value of mutual
friction observed in our system.

3.5 Expanding vortex clusters

For two of the vortex decay models tested in the paper, we are interested in the evolution of
expanding vortex clusters, in the one case with no surface interactions, and in the other with
dynamics dominated by hopping between surface pinning sites. We would like to know the
characteristic distributions of vortices as a function of time in both cases. As it turns out, two
types of evolution can be distinguished: 1) evolution towards a common shape of distribution
(for the case of no surface interactions, this is a circular distribution with uniform density, while
with surface pinning it is a Gaussian), and 2) expansion of that distribution over time. We hope
that the evolution in the shape of the distribution occurs at a faster rate than the expansion, to
allow simple models of the expansion process (with fixed distribution shape) to be used in further
analysis. This turns out to be the case both with, and without, pinning. We would note that the
rates of both types of evolution are linearly proportional to the mutual friction coefficient, so that
this conclusion is independent of the value of the coefficient.

To study the scenario with no surface pinning, we use the point vortex model described above
to observe the evolution of the density distribution of a vortex cluster initialized with a strongly
non-uniform distribution. This simulation is used in the following section (4) to test a possible
vortex decay scenario. In Fig. S7 we show that the density of a distribution of N = 1000 vortices
becomes uniform across the disk (despite an initial Gaussian density distribution) on a timescale
that is shorter than the timescale of the expansion, i.e. τuniform < τexpansion. We have performed
similar simulations with initial density distributions corresponding to a ring or a flat-top, and
observed the same rapid evolution towards uniform density (with respect to the expansion rate).
The exact times in Fig. S7 are arbitrary and depend upon the magnitude of the mutual friction
coefficient chosen. That being said, the interval between each time is constant.

We next simulate the expansion of a vortex cluster under the influence of pinning sites. These
simulations are used in the next section to test an alternate vortex decay scenario. As previously,
we begin with a Gaussian density distribution of vortices, but phenomenologically include vortex
pinning within the point-vortex model. We model vortex pinning by asserting a mean-free-path,
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`, associated to the likelihood of a single vortex becoming pinned. The probability of a vortex
remaining unpinned after travelling a distance ∆x is assumed to be exponentially decreasing,
so that the probability of a vortex becoming pinned is P (pin) = 1− exp(−∆x/`)2. Figure S8
shows that the density of a cluster of N = 100 vortices remains approximately Gaussian for this
situation, but become more spread out over the disk due to energy dissipation.

4 Vortex decay models
Because the frequency splitting experienced by each third sound mode due to the presence of a
vortex is unique (see Figure 1 of the main text, and reference (39)), the ability to monitor the
splitting on multiple third-sound modes simultaneously allows us to infer spatial information
about the experimental vortex distribution. We show here how this capability enables us to
discriminate between several different vortex decay scenarios.

4.1 Test of various decay models

We test four different scenarios which may account for the experimentally observed decay of the
frequency splitting (see sketches in Fig. S9(A)):

• Scenario 1. The experimentally observed splitting is initially due to a tight cluster of
same-signed vortices located at the center of the resonator. Such a distribution could be
initialized by a circular stirring of the superfluid film, resulting in a centripetal Magnus
force on one sign of vortices. After initialization, dissipation in the system will drive a
radial expansion of the tightly-packed cluster. As discussed in section 3.5, point-vortex
simulations reveal that a tight vortex cluster will rapidly relax into an expanding flat-top
(spatially uniform) distribution, irrespective of the initial cluster arrangement. This flat-top
expansion scenario is depicted on the blue resonator in Fig. S9(A).

• Scenario 2. The experimentally observed splitting is due to a tight cluster of same-signed
vortices located in the center of the resonator, as in scenario 1. The difference here lies
in the presence of pinning sites (black stars) on the resonator surface. Expansion of
the tightly-packed cluster in the presence of pinning sites resembles diffusive Brownian
motion whereby vortices hop from pinning site to pinning site with a slow outward drift
due to dissipation (see individual vortex trajectory marked by black arrows). Under such
conditions the spatial probability density distribution of the expanding cluster can be
approximated by a Gaussian (see section 3.5 for further details and point-vortex simu-
lations). This Gaussian expansion scenario is depicted on the green resonator in Fig. S9(A).

2This simple model assumes an infinite pinning potential, such that once pinned, a vortex is permanently
immobilized. Other simulations with a critical pinning velocity below which a vortex gets pinned, which allow for
multiple pinning and unpinning events for each vortex, yield qualitatively similar results.
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• Scenario 3. The experimentally observed splitting is due to a macroscopic persistent
current around the pedestal at the center of the resonator (see discussion of the pinning
potential due to the pedestal in section 7). This persistent current then decays through the
slow shedding of same-sign vortices. Due to dissipation, these vortices will rapidly spiral
out of the resonator, such that the probability density can be modelled by a temporally de-
caying delta function in the center of the resonator. This persistent current decay scenario
is depicted on the orange resonator in Fig. S9(A).

• Scenario 4. The experimentally observed splitting is due to a macroscopic persistent
current pinned by the pedestal at the center of the resonator, and a cluster of orbiting
free vortices of opposite sign. Such a distribution can be initialized by a superfluid flow
exceeding the critical velocity up the device pedestal, leading to the generation of pairs of
opposite-sign vortices. One sign pins to the pedestal while the other forms into a freely
orbiting cluster. After initialization, dissipation will cause the orbiting cluster to spiral
inwards, where it will annihilate with the persistent current on the pedestal. This vortex
dipole decay scenario is depicted on the purple resonator in Fig. S9(A).

Each decay model is tested by comparing its predicted splitting on all third-sound modes to
the experimental data. The results of this comparison are shown in Fig. S9(B), which shows that
the vortex dipole model (Scenario 4) provides the best fit to the data. Vortex cluster expansion
due to both vortex-vortex interactions and diffusive hopping fit the data poorly at all times.
Vortex shedding fits the data at long times, but does not well fit the initial vortex distribution. We
note that vortex shedding is also unlikely from a physical perspective due to the strong potential
energy barrier for the process due to the pedestal, which we estimate to be many hundreds of
times larger than the thermal energy (see section 7.2).

We discuss here the flat-top decay model as an example of how the RMS error is calculated.
The flat-top distribution is uniquely characterized by an initial vortex number and distribution
radius. Looking at the initial splitting of the five tracked third-sound modes, we find the combi-
nation of vortex number and distribution radius which most closely matches the experimental
results, and the associated confidence intervals, as illustrated in Fig. S10. This initial vortex
number is then kept constant throughout the fitting procedure, as the distribution expands with
no annihilation events. At all subsequent experimental time steps, the optimal radius which
minimizes the RMS error is inferred. The fitting procedure thus produces an estimate of the
distribution radius versus time, as well as an RMS error of the fitting procedure versus time,
as plotted in the blue trace in Fig. S9(B). The calculation of the RMS error for the other decay
scenarios follows a similar approach. In scenario 3, the optimization is performed over N , the
number of circulation quanta around the pedestal. In the vortex dipole decay case (purple), since
the vortex number is also no longer constant due to annihilation events, the optimization at every
time step occurs over a three-dimensional space (vortex number, angular momentum and kinetic
energy), as in the initial fitting step of the flat-top distribution shown in Fig. S10.
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All scenarios start with a tightly-packed initial vortex distribution or macroscopic circulation
at the center of the resonator. This is both because we expect the stirring process to generate
vortices at the top of the pedestal, where the superflow is fastest, and because the initial ratio of
the measured experimental splittings ∆fexp closely matches the theoretical splitting ∆fth ratios
expected from vortices positioned in the center of the resonator:

∆fexp,m (t = 0)

∆fexp,m′ (t = 0)
' ∆fth,m (r = 0)

∆fth,m′ (r = 0)
(S13)

Here the subscripts m and m′ refer to different third-sound mode azimuthal orders, and ∆fth (r)
refers to the theoretically calculated vortex-induced splitting functions, as shown in Fig. 1 of the
main text. These splitting functions are independently obtained through Finite Element Method
(FEM) calculation of the overlap between the vortex and third-sound flow fields (39).

We note that while all scenarios predict a decaying splitting of all third-sound modes, as
observed in the experiments, their relative influence on different third-sound modes is quite
significant. This is striking in Fig. S9C(ii) & S9C(iii), which show the predicted splitting on
all five third-sound modes at the times marked by the dashed grey lines in Fig. S9(B). We see
that both expanding cluster scenarios (flat-top in blue and Gaussian in green) predict similar
splitting on all third-sound modes —on the order of 0.8 kHz in (ii) and 0.3 kHz in (iii)— as the
cluster expands. This is in strong disagreement with the experimental data (black squares) for
which the splitting is an increasing function of mode number. This mismatch, visible in the much
larger RMS errors for these decay scenarios in Fig. S9(B), illustrates how the ability to track the
frequency splitting of multiple third-sound modes simultaneously, combined with the linearity of
the velocity field contributions due to each vortex, enables us to infer spatial information on the
experimental vortex distribution. We observe that the vortex-dipole scenario discussed in the
main text (purple) systematically provides the best agreement with the experimentally measured
splitting throughout the entire decay process.

4.2 Metastable states of the vortex dipole

Following the data analysis approach described in Section 4.1, we determine temporal dynamics
of all three parameters uniquely characterizing vortex dipole distributions. The evolution of the
kinetic energy and free-vortex number of the metastable states are shown in Fig. 4A&B of the
main text. Here we additionally provide the temporal evolution of the angular momentum. As
can be seen in Fig. S11, the angular momentum is constrained less well than either of the other
two parameters and is therefore not included in the main text.

5 Second set of measurements
In order to test the reproducibility of the vortex ensemble behaviour, we perform a second set of
measurements under similar experimental conditions as in the first run described in section 1. In
order to do this, we warm up the cryostat above the superfluid transition temperature (∼ 1 K) and
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then cool the system down back to T ∼ 500 mK for consistency with the first set of measurements.
Recording the balanced-detector photocurrent, we acquire five consecutive time traces carrying
information about the superfluid mechanical modes spectrum. In this experimental run, each trace
is 20 s long and contains 40 million points (sampling rate 2 MHz). Slicing each 20 s trace into 50
bins (each bin is 0.4 s long) and taking a Fourier transform of each bin, we obtain 5× 50 = 250
third-sound power spectra. In order to compare this set of measurements with the first one, we
track the same five third-sound modes – (m,n) = (1, 3), (1, 4), (1, 5), (1, 7) and (1, 8) – and
plot their frequency splittings as a function of time (Fig. S12A). We then perform the analysis of
these traces as described in section 4.1 and extract all three parameters characterizing the vortex
dipole metastable distributions: vortex number, kinetic energy, and angular momentum, shown
in Figs. S12A, B, and C respectively. The vortex dipole is initialized with an initial free-vortex
number of N = 33+2

−1. Consistently with the first set of measurements, the total kinetic energy of
the vortex dipole continuously decays with time, while the free-vortex kinetic energy increases,
which is indicative of evaporative heating (Fig. S12C). Similarly to the first experimental run,
the second set of measurements does not constrain the angular momentum well, Fig. S12D.

6 Vortex pinning on surfaces
The presence of surface roughness on a substrate that is in contact with superfluid helium limits
the ability of vortices to move freely. Indeed, in thin superfluid films, strong pinning sites can
freeze out vortex motion altogether (42). For example, surface roughness is thought to be the
primary cause of discrepancy between measurements of the vortex diffusivity around the BKT
transition (8). It is for this reason that studies of vortex interaction, dissipation and diffusion are
critically dependent on surface quality.

The effect of surface roughness on vortex motion can be understood by considering the case
of a superfluid film residing on a smooth substrate with a defect in the form of a hemispherical
protuberance, as shown in Fig. S13(A) (68, 69). From this simple picture, one can see that a
vortex confined to the defect will be in an energetically favourable state. Indeed, for a constant
film thickness d, a vortex located on the defect (center) will have less kinetic energy than one
located off the defect (right) due to its shorter length. This energy difference is associated to a
trapping potential, which naturally will grow with increasing defect size. Similarly, from this
simple picture one can see that for a given defect size, a thick film will lead to weaker pinning, as
the height difference introduced by the defect becomes proportionately smaller. In bulk systems,
the inclusion of vortex-boundary interactions is thought to be crucial in accurately describing the
intriguing phenomena of superfluid turbulence (70–73). In many of those experiments, side-wall
roughness is much larger than the angstrom scale of the vortex core (71, 74). However, vortices
may depin themselves through large amplitude Kelvin wave excitations (74), or be partially
shielded from the roughness by a vortex “mesh”, consisting of a dense set of short half-loops
connected to the sidewall (70).

In superfluid films, depinning occurs when the forces acting upon the vortex due to the
background flow exceeds the strength of the pinning potential. Clear signatures of depinning
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in superfluid films of thickness 3 nm have been reported, for example, in Ref. (42). In that
experiment, the frequency splitting of degenerate third sound modes is slightly reduced when
“stirring” at flow velocities above 150 cm/s, but below the superfluid critical velocity. The
observed change in splitting corresponds to depinning of only a small fraction of the total number
vortices, namely 102 − 103 compared to 105, respectively. This observation suggests that those
liberated vortices were attached to weak pinning sites, while the remaining vortices were pinned
to much stronger pinning sites, which may be consistent with the comparatively larger surface
roughness of their evaporated gold substrate.

Here, we ascribe the lack of any apparent contribution of pinning to the vortex dynamics
to the combination of an atomically smooth surface and a relatively thick superfluid film. It is
conceivable that the mechanisms which suppress pinning in bulk systems, mentioned above,
may also be present here. However, those mechanisms are thought to rely on non-trivial vortex
deformations, and for the film thicknesses considered here the vortices will be mostly orientated
vertically, with only a small number of low-order Kelvin modes thermally excited. Furthermore,
any vortex loops created out of equilibrium (i.e. during vortex generation) will be energetically
unfavorable and are likely to quickly dissipate compared to the timescales of the experiment.

As discussed in sections 3 & 4 and Fig. 4 of the main text, our data supports a model for
vortex motion that is characterized by the decay of a vortex dipole down to a few remaining
vortices after a period of minutes. As the vortex dipole decays, the background flow velocity
across the disk decreases, as illustrated in Fig. S13B. The observed decay is consistent with
point-vortex modelling in the absence of pinning sites (see section 3), suggesting that pinning
does not play a significant role in vortex dynamics in this system. Towards the end of the
experimental run, the background flow induced by two vortices pinned to the pedestal creates
flow velocities below ∼ 0.2 cm/s over the majority the disk surface. Indeed, the free vortex
cluster explores these outer-parts of the disk because, as discussed in the main text, upon an
annihilation event the cluster moves towards the periphery. These very low depinning velocities
correspond to extremely small surface defects, likely to be of comparable size to the vortex
core, consistent with the expected atomic-scale roughness of our commercially purchased silicon
wafers.

7 Pinning potential of the pedestal
While superfluid flow is purely irrotational, a superfluid may contain a macroscopic circulation
around a hole in the film (75, 76). This hole may take the form of an Angstrom-sized normal
fluid core in 4He, or a macroscopic barrier in a non-simply connected geometry. The kinetic
energy Ek associated with such a flow around a centred circular hole in a circular domain of
radius R is given by:

Ek,n =
1

2
ρs

(N κ)2

2π
ln

(
R

a0

)
, (S14)

with ρs the superfluid surface density, a0 the hole radius and N × κ the quantized circulation
around the hole, where κ = h/mHe = 9.98 × 10−8 m2 s−1 is a single circulation quantum
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in 4He. Because circulation around a macroscopic barrier – such as the microtoroid pedestal
(a0 = rp ∼ 10−6 m) – clips the high-velocity region of the flow (see Fig. S14), it is energetically
favourable compared to circulation around a vortex core in the film (a0 ∼ 10−10 m). This has been
observed in the stirring of superfluids in annular containers, where the vorticity preferentially
takes the form of persistent flow around the inner annular boundary, and vortices appear in the
fluid itself only for much larger rotation speeds (77, 78).

For our R = 30 micron resonator, with pedestal radius rp ∼ 1 µm, there is approximately
three times less energy in the flow for quantized circulation around the pedestal than around a
normal fluid core3. However, placing increasingly large circulation around the pedestal becomes
less advantageous as the energy cost of each additional circulation quantum Ek,N+1 − Ek,N

is boosted by 2N , with N the number of quanta already present, as shown in Equation (S14).
This thereby provides an upper bound on the number of circulation quanta around the pedestal
before it becomes energetically favourable to shed these and form vortices in the fluid. In order
to quantitatively estimate the metastability of the pinning around the pedestal, we numerically
calculate the kinetic energy barrier for the shedding of vortices.

7.1 Flow-field calculation

There are two mechanisms through which the large quantized circulation may decay. First,
through the escape of vortices of the same sign as the circulation. Second, a negative vortex
may be generated at the resonator boundary and migrate inward, annihilating circulation on the
pedestal. We estimate the change in kinetic energy of the flow for these two processes.

The streamfunction Ψfree of a point-vortex on the underside of the toroid can be approximated
in cartesian coordinates by (39, 65, 79, 80):

Ψfree '
κ

2π

(
ln

(√
(x−X1)

2 + y2
)
− ln

(√
(x−X2)

2 + y2
)

+ ln
(√

x2 + y2
)
− ln

(√
(x−X3)

2 + y2
))

.

(S15)

Here X1 is the radial coordinate of the vortex (along the x axis), X2 = r2p/X1 is the radial
coordinate of the opposite circulation image-vortex required to enforce no flow across the
pedestal boundary and X3 = R2/X1 is the radial coordinate of the opposite circulation image-
vortex required to enforce no flow across the resonator boundary, as shown in Fig. S15. Because
there are two boundaries in the problem, these image vortices also require their own image
vortices, leading to an infinite series. However, for small values of rp � R, as is the case in
our experiments, the infinite series can safely be truncated after the first term, as in Eq. S15,
while conserving the absence of flow through the resonator and pedestal boundaries, as visible in
the calculated streamlines in Fig. S16(A) and (B). The streamfunction Ψpedestal of the quantized

3The kinetic energy of a centred normal-fluid core vortex on a disk of radius R = 30µm is ∼ 1 × 10−20 J,
which corresponds to ∼2000 kB T (for T = 500 mK and a 10 nm thick film).
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circulation around the pedestal is given by:

Ψpedestal =
N κ

2π
ln
(√

x2 + y2
)
, (S16)

with N the number of circulation quanta. The total streamfunction Ψtot describing the combined
flow is then simply Ψtot = Ψfree + Ψpedestal. From the streamfunction Ψtot, the superfluid
velocity components are given by:

vx =
∂Ψtotal

∂y
; and vy = −∂Ψtotal

∂x
(S17)

The kinetic energy of a given flow field is obtained through numerical integration of the calculated
field (Eq. S17) over the annular region contained within rp < r < R.

7.2 Metastability of the pinned flow around the pedestal

Figures S16(A) and S16(B) illustrate two alternate decay scenarios for a large circulation trapped
around the device pedestal. First, a positive vortex (red) can be shed from the large positive
pinned circulation around the central pedestal. Second, a negative incoming vortex (blue) can
annihilate with the positive circulation on the device pedestal. The energy cost of both these
scenarios is illustrated in Fig. S16(C). The red curve plots the energy difference between the two
following configurations:

• a positive circulation of 10κ on the pedestal and a point vortex of circulation κ at radial
coordinate x

• a positive circulation of 11κ on the pedestal

If the point vortex can move far enough away from the pedestal, this escape process is en-
ergetically favourable (∆E < 0), as the flow fields of the point vortex and the macroscopic
circulation no longer sum up constructively. However, as shown in Fig. S16(D), there is an initial
energy barrier on the order of several hundred kBT to do so. Indeed, in the initial stage of the
vortex shedding process the flow fields of the pinned circulation and the point vortex still add
up constructively, and do not offset the additional energy cost of the high velocity flow near the
normal fluid core, as shown in Fig. S14.

As discussed previously, the overall shape of the energy barrier for a single quanta will be
dependent on the number of pinned circulation quanta N . For increasing circulation around the
pedestal the barrier becomes narrower and shallower (dashed red line in Fig. S16(D)), but the
conclusion remains identical. While the lowest energy state of the system corresponds to no
persistent current, a large energy barrier (on the order of several hundred kB T for the vortex
numbers present in the experiment) explains why the circulation remains pinned around the
device pedestal for the duration of the experiment.

Similarly, the creation of a negative vortex on the device boundary also incurs a large energy
penalty due to the energy cost of the high-velocity region near the vortex core (see Fig. S16(C)).
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Note however that for radial coordinates r < 18 µm, that energy cost is more than offset by
the cancellation of the pinned persistent current flow field, such that the negative point-vortex
reduces the kinetic energy to the system.

17



100 150 200 250 300 350 400 450 500 550 600
Frequency (kHz)

Po
w

er
 s

pe
ct

ru
m

 (a
.u

.)

(0,1) (1,3) (1,4) (1,5) (1,7) (1,8)

10-8

10-10

10-12

10-14

(0,1) (1,3) (1,4) (1,5) (1,7) (1,8)

478 482 486 490 494
Frequency (kHz)

Po
w

er
 s

pe
ct

ru
m

 (a
.u

.)

10-13

10-12

10-11

482 486 490 494 482 486 490 494
Frequency (kHz)Frequency (kHz)

3.9 kHz 2.7 kHz 1.7 kHz

A

B

C

Figure S1: (A) Third-sound power spectrum. The five third-sound modes monitored in the experiments are
highlighted in red. The red bars are positioned at the theoretically predicted third-sound eigenfrequencies
of a 30 µm radius disk resonator with free boundary conditions and a 7.5 nm film thickness (41), in good
agreement with the experimental frequencies. Note that mode (1,6) is not used in the experiments, as its
proximity to another third-sound mode precludes reliable peak fitting. (B) Surface deformation profiles
of the six third-sound modes labelled in (A). (C) Example of the mode splitting decay observed in the
experiments. The three panels show, from left to right, the splitting decay of mode (1,7) as the experiment
progresses. Red line: double Lorentzian peak-fit to the data.
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Figure S2: Splittings of (m,n) = (1, 3), (1, 4), (1, 5), (1, 7) and (1, 8) third-sound modes immediately
after the vortex generation process. Spatial amplitude profiles of the split modes are shown as insets.
Red bars mark the theoretically computed splittings right after the system initialization. Grey spectra
correspond to the unperturbed third-sound modes with no vortices present in the system. The residual
splitting in these unperturbed spectra is due to irregularities in the circularity of the microtoroid that break
the degeneracy between standing-wave Bessel modes (31). We accounted for these in data processing
(section 1.3). f : frequency of superfluid motion; f̄m: mean resonance frequency of third-sound mode pair.
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Disk
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(0,1) (1,6) (1,8)

Figure S3: Leftmost image for both disk and annulus: calculated flow field due to quantized circulation
around a centered point-vortex (disk) or a persistent current around a pedestal with a 1.5 µm diameter
(annulus). Rightmost images: Out-of-plane displacement profile for three distinct third-sound eigenmodes.
Color code: Red=positive; blue=negative; green=no displacement. The (m,n) numbers respectively
correspond to the mode’s azimuthal and radial order, see Eqs. (S3) and (S4) in 2.1.
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Figure S4: Dipole moment of N = 17 vortex cluster, for vortices initialized in a ring formation of varying
initial radius r0. Each curve represents an average of 50 PVM simulation runs. The ring initialization
radius r0 is given here as a fraction of the disk radius R.
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Figure S5: (A) Sample initial ring distribution where N = 16. Yellow dots correspond to the free vortices
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(B) Time-averaged metastable state over the entire simulation. At each time step, the vortex cluster has
been rotated such that the dipole moment lies along the y-axis.
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C
<latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit>

A B

t (s)
<latexit sha1_base64="dRgDN6mAThajn9Do38B+25OLMt8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgWcLsZDYZM7uzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR06hUM95gSirdDqjhUsS8gQIlbyea0yiQvBWMbmd+64lrI1T8gOOE+xEdxCIUjKKVmtglZXPeK5bcijsHWSVeRkqQod4rfnX7iqURj5FJakzHcxP0J1SjYJJPC93U8ISyER3wjqUxjbjxJ/Nrp+TMKn0SKm0rRjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnIk5S5DFbLApTSVCR2eukLzRnKMeWUKaFvZWwIdWUoQ2oYEPwll9eJc1qxbuoVO8vS7WbLI48nMAplMGDK6jBHdShAQwe4Rle4c1Rzovz7nwsWnNONnMMf+B8/gCEA45u</latexit>

↵t (s)
<latexit sha1_base64="BDZU4FC4fqyCqnPM8USRH3zpKjI=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERJCE3ZDeYRYmzD6cmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dfiK40rb9bRXW1jc2t4rbpZ3dvf2D8uFRW8WppKxFYxHLjo+KCR6xluZasE4iGYa+YI/+6HbmP46ZVDyOHvQkYV6Ig4gHnKI2kueiSIZItEuq6rxXrtg1ew6ySpycVCBHs1f+cvsxTUMWaSpQqa5jJ9rLUGpOBZuW3FSxBOkIB6xraIQhU142P3pKzozSJ0EsTUWazNXfExmGSk1C33SGqIdq2ZuJ/3ndVAfXXsajJNUsootFQSqIjsksAdLnklEtJoYgldzcSugQJVJtciqZEJzll1dJu15zLmr1+8tK4yaPowgncApVcOAKGnAHTWgBhSd4hld4s8bWi/VufSxaC1Y+cwx/YH3+AGtMkTY=</latexit>

↵ = 0.005
<latexit sha1_base64="Lzv100h01wpD7TWtWbBXLGzWQCY=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9iNil6EoBePEcwDkiX0TmaTIbMPZmaFGPIlXjwo4tVP8ebfOJvsQRMLmi6qupme8hPBlXacb2tldW19Y7OwVdze2d0r2fsHTRWnkrIGjUUs2z4qJnjEGpprwdqJZBj6grX80W3mtx6ZVDyOHvQ4YV6Ig4gHnKI2Us8udVEkQyTkmjgVx7no2eWsZyDLxM1JGXLUe/ZXtx/TNGSRpgKV6rhOor0JSs2pYNNiN1UsQTrCAesYGmHIlDeZHT4lJ0bpkyCWpiJNZurvjQmGSo1D30yGqIdq0cvE/7xOqoMrb8KjJNUsovOHglQQHZMsBdLnklEtxoYgldzcSugQJVJtsiqaENzFLy+TZrXinlWq9+fl2k0eRwGO4BhOwYVLqMEd1KEBFFJ4hld4s56sF+vd+piPrlj5ziH8gfX5A8rgkTc=</latexit>

↵ = 0.008
<latexit sha1_base64="ourKnTkT20uRw8AtG76bwDZS+uc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9iNgrkIQS8eI5gHJEvoncwmQ2YfzMwKMeRLvHhQxKuf4s2/cTbZgyYWNF1UdTM95SeCK+0439ba+sbm1nZhp7i7t39Qsg+PWipOJWVNGotYdnxUTPCINTXXgnUSyTD0BWv749vMbz8yqXgcPehJwrwQhxEPOEVtpL5d6qFIRkjINXEqjlPr2+WsZyCrxM1JGXI0+vZXbxDTNGSRpgKV6rpOor0pSs2pYLNiL1UsQTrGIesaGmHIlDedHz4jZ0YZkCCWpiJN5urvjSmGSk1C30yGqEdq2cvE/7xuqoOaN+VRkmoW0cVDQSqIjkmWAhlwyagWE0OQSm5uJXSEEqk2WRVNCO7yl1dJq1pxLyrV+8ty/SaPowAncArn4MIV1OEOGtAECik8wyu8WU/Wi/VufSxG16x85xj+wPr8Ac9skTo=</latexit>

↵ = 0.01
<latexit sha1_base64="bC1nyh+00s33nOZj0Hu+GInR3Z4=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFewHtGuZTdM2NJtdkqxSlv4PLx4U8ep/8ea/MW33oK0Phnm8N0MmL4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUZTVaSQi1QpQM8ElqxtuBGvFimEYCNYMRjdTv/nIlOaRvDfjmPkhDiTvc4rGSg8dFPEQCbkibtn1usWSbTOQZeJlpAQZat3iV6cX0SRk0lCBWrc9NzZ+ispwKtik0Ek0i5GOcMDalkoMmfbT2dUTcmKVHulHypY0ZKb+3kgx1HocBnYyRDPUi95U/M9rJ6Z/6adcxolhks4f6ieCmIhMIyA9rhg1YmwJUsXtrYQOUSE1NqiCDcFb/PIyaVTK3lm5cndeql5nceThCI7hFDy4gCrcQg3qQEHBM7zCm/PkvDjvzsd8NOdkO4fwB87nD9uRkMg=</latexit>

↵ = 0.03
<latexit sha1_base64="UobdLup5lvOOwyof+D0+BAjLgts=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrutoBeh6MVjBfsB7Vpm02wbms0uSVYppf/DiwdFvPpfvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19YzO3ld/e2d3bLxwcNnScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5up33xkSvNY3ptRwvwI+5KHnKKx0kMHRTJAQq6IW3Ir3ULRthnIMvEyUoQMtW7hq9OLaRoxaahArduemxh/jMpwKtgk30k1S5AOsc/alkqMmPbHs6sn5NQqPRLGypY0ZKb+3hhjpPUoCuxkhGagF72p+J/XTk146Y+5TFLDJJ0/FKaCmJhMIyA9rhg1YmQJUsXtrYQOUCE1Nqi8DcFb/PIyaZRLXqVUvjsvVq+zOHJwDCdwBh5cQBVuoQZ1oKDgGV7hzXlyXpx352M+uuJkO0fwB87nD96ZkMo=</latexit>

↵ = 0.05
<latexit sha1_base64="DHFfFyzbOlUjGpLNQszQSVDfiNI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0YtQ9OKxgv2AtpbZNNuGZrNLklXK0v/hxYMiXv0v3vw3pu0etPXBMI/3Zsjk+bHg2rjut7O0vLK6tp7byG9ube/sFvb26zpKFGU1GolINX3UTHDJaoYbwZqxYhj6gjX84c3EbzwypXkk780oZp0Q+5IHnKKx0kMbRTxAQq6IW3LPu4WibVOQReJlpAgZqt3CV7sX0SRk0lCBWrc8NzadFJXhVLBxvp1oFiMdYp+1LJUYMt1Jp1ePybFVeiSIlC1pyFT9vZFiqPUo9O1kiGag572J+J/XSkxw2Um5jBPDJJ09FCSCmIhMIiA9rhg1YmQJUsXtrYQOUCE1Nqi8DcGb//IiqZdL3mmpfHdWrFxnceTgEI7gBDy4gArcQhVqQEHBM7zCm/PkvDjvzsdsdMnJdg7gD5zPH+GhkMw=</latexit>

↵ = 0.005
<latexit sha1_base64="Lzv100h01wpD7TWtWbBXLGzWQCY=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9iNil6EoBePEcwDkiX0TmaTIbMPZmaFGPIlXjwo4tVP8ebfOJvsQRMLmi6qupme8hPBlXacb2tldW19Y7OwVdze2d0r2fsHTRWnkrIGjUUs2z4qJnjEGpprwdqJZBj6grX80W3mtx6ZVDyOHvQ4YV6Ig4gHnKI2Us8udVEkQyTkmjgVx7no2eWsZyDLxM1JGXLUe/ZXtx/TNGSRpgKV6rhOor0JSs2pYNNiN1UsQTrCAesYGmHIlDeZHT4lJ0bpkyCWpiJNZurvjQmGSo1D30yGqIdq0cvE/7xOqoMrb8KjJNUsovOHglQQHZMsBdLnklEtxoYgldzcSugQJVJtsiqaENzFLy+TZrXinlWq9+fl2k0eRwGO4BhOwYVLqMEd1KEBFFJ4hld4s56sF+vd+piPrlj5ziH8gfX5A8rgkTc=</latexit>

↵ = 0.008
<latexit sha1_base64="ourKnTkT20uRw8AtG76bwDZS+uc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9iNgrkIQS8eI5gHJEvoncwmQ2YfzMwKMeRLvHhQxKuf4s2/cTbZgyYWNF1UdTM95SeCK+0439ba+sbm1nZhp7i7t39Qsg+PWipOJWVNGotYdnxUTPCINTXXgnUSyTD0BWv749vMbz8yqXgcPehJwrwQhxEPOEVtpL5d6qFIRkjINXEqjlPr2+WsZyCrxM1JGXI0+vZXbxDTNGSRpgKV6rpOor0pSs2pYLNiL1UsQTrGIesaGmHIlDedHz4jZ0YZkCCWpiJN5urvjSmGSk1C30yGqEdq2cvE/7xuqoOaN+VRkmoW0cVDQSqIjkmWAhlwyagWE0OQSm5uJXSEEqk2WRVNCO7yl1dJq1pxLyrV+8ty/SaPowAncArn4MIV1OEOGtAECik8wyu8WU/Wi/VufSxG16x85xj+wPr8Ac9skTo=</latexit>

↵ = 0.01
<latexit sha1_base64="bC1nyh+00s33nOZj0Hu+GInR3Z4=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFewHtGuZTdM2NJtdkqxSlv4PLx4U8ep/8ea/MW33oK0Phnm8N0MmL4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUZTVaSQi1QpQM8ElqxtuBGvFimEYCNYMRjdTv/nIlOaRvDfjmPkhDiTvc4rGSg8dFPEQCbkibtn1usWSbTOQZeJlpAQZat3iV6cX0SRk0lCBWrc9NzZ+ispwKtik0Ek0i5GOcMDalkoMmfbT2dUTcmKVHulHypY0ZKb+3kgx1HocBnYyRDPUi95U/M9rJ6Z/6adcxolhks4f6ieCmIhMIyA9rhg1YmwJUsXtrYQOUSE1NqiCDcFb/PIyaVTK3lm5cndeql5nceThCI7hFDy4gCrcQg3qQEHBM7zCm/PkvDjvzsd8NOdkO4fwB87nD9uRkMg=</latexit>

↵ = 0.03
<latexit sha1_base64="UobdLup5lvOOwyof+D0+BAjLgts=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrutoBeh6MVjBfsB7Vpm02wbms0uSVYppf/DiwdFvPpfvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19YzO3ld/e2d3bLxwcNnScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5up33xkSvNY3ptRwvwI+5KHnKKx0kMHRTJAQq6IW3Ir3ULRthnIMvEyUoQMtW7hq9OLaRoxaahArduemxh/jMpwKtgk30k1S5AOsc/alkqMmPbHs6sn5NQqPRLGypY0ZKb+3hhjpPUoCuxkhGagF72p+J/XTk146Y+5TFLDJJ0/FKaCmJhMIyA9rhg1YmQJUsXtrYQOUCE1Nqi8DcFb/PIyaZRLXqVUvjsvVq+zOHJwDCdwBh5cQBVuoQZ1oKDgGV7hzXlyXpx352M+uuJkO0fwB87nD96ZkMo=</latexit>

↵ = 0.05
<latexit sha1_base64="DHFfFyzbOlUjGpLNQszQSVDfiNI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0YtQ9OKxgv2AtpbZNNuGZrNLklXK0v/hxYMiXv0v3vw3pu0etPXBMI/3Zsjk+bHg2rjut7O0vLK6tp7byG9ube/sFvb26zpKFGU1GolINX3UTHDJaoYbwZqxYhj6gjX84c3EbzwypXkk780oZp0Q+5IHnKKx0kMbRTxAQq6IW3LPu4WibVOQReJlpAgZqt3CV7sX0SRk0lCBWrc8NzadFJXhVLBxvp1oFiMdYp+1LJUYMt1Jp1ePybFVeiSIlC1pyFT9vZFiqPUo9O1kiGag572J+J/XSkxw2Um5jBPDJJ09FCSCmIhMIiA9rhg1YmQJUsXtrYQOUCE1Nqi8DcGb//IiqZdL3mmpfHdWrFxnceTgEI7gBDy4gArcQhVqQEHBM7zCm/PkvDjvzsdsdMnJdg7gD5zPH+GhkMw=</latexit>

Figure S6: (A) Decay of the charge of the pinned multi-quantum vortex (κC) for the different mutual
friction coefficients given in the legend. Each curve represents the average of 10 runs with different initial
conditions constrained by the energy of the cluster. Due to the averaging over the runs, the decay of the
central vortex becomes continuous, unlike in a single run where it would be quantized. (B) Decay of
the charge of the pinned multi-quantum vortex (κC) as in (A), but here the time axis has been scaled by
the mutual friction coefficient α. The collapse of the data onto a single curve under rescaling of t to αt
demonstrates the direct linear scaling of the dynamics with α, allowing the experimental α to be inferred
by a rescaling of time.
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⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

t1
<latexit sha1_base64="Ynqb8X5/kiOyHX7xonGGLyOZ6hM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwbmjaA=</latexit>

t2
<latexit sha1_base64="QkhZeJ8/5ytPGp7NPNhyJyw1LQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAIao2h</latexit>

t3
<latexit sha1_base64="YA629ranIPUmZ/dNXTUQvIjXXco=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/3i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRrVa9erd1dVBrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEJ7o2i</latexit>

t4
<latexit sha1_base64="kvzirz6aNm1jEPuCbgidbQ+gP1A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSA/Zr/VLZrbhzkFXi5aQMORr90ldvELM04gqZpMZ0PTdBP6MaBZN8WuylhieUjemQdy1VNOLGz+anTsm5VQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2hC85ZdXSata8S4r1ftauX6Tx1GAUziDC/DgCupwBw1oAoMhPMMrvDnSeXHenY9F65qTz5zAHzifPwtyjaM=</latexit>

t5
<latexit sha1_base64="mgXLGzl1DEpB4E7EEWkAFoGOnoQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpAXuXvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2anTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2hC8xZeXSbNa8c4r1fuLcu0mj6MAx3ACZ+DBFdTgDurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwAM9o2k</latexit>

t6
<latexit sha1_base64="ujw0Pbp6FuPNu5kt+Sza2DAOY6Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpAXuXvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2anTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2hC8xZeXSbNa8c4r1fuLcu0mj6MAx3ACZ+DBFdTgDurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwAOeo2l</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

Figure S7: Vortex cluster (N = 1000) expansion from an initial Gaussian density distribution. Time
progresses from left to right, top to bottom in equal intervals as per the labels. Despite the non-uniform
initial distribution, vortices arrange themselves in such a way that the cluster rotates as a rigid body,
resulting in an approximately uniform density at later times. This is supported by the insets in each figure,
which show the physical position of vortices in the disk tending towards a uniform density.
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r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

t1
<latexit sha1_base64="Ynqb8X5/kiOyHX7xonGGLyOZ6hM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwbmjaA=</latexit>

t2
<latexit sha1_base64="QkhZeJ8/5ytPGp7NPNhyJyw1LQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAIao2h</latexit>

t3
<latexit sha1_base64="YA629ranIPUmZ/dNXTUQvIjXXco=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/3i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRrVa9erd1dVBrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEJ7o2i</latexit>
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Figure S8: Vortex cluster (N = 100) expansion from an initial Gaussian density distribution with vortex
pinning. Time progresses from left to right, top to bottom in equal intervals as per the labels. The pinning
qualitatively changes the dynamical evolution of the cluster compared to the no-pinning case (Fig. S7).
The Gaussian density profile remains approximately Gaussian throughout the simulation, with the standard
deviation of the distribution gradually increasing due to damping. Note that by t4, the cluster is essentially
no longer expanding. The choice of the mean-free-path l sets here the maximal cluster width before the
vortices freeze out.
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Figure S9: (A) Four different vortex decay scenarios. From left to right: flat-top (uniform density)
expansion of a vortex cluster (blue disk); Gaussian expansion of a positive vortex cluster with pinning
sites (green disk); decay of a macroscopic circulation through shedding of same-sign vortices (orange
disk); decay of a macroscopic vortex dipole consisting of a pinned macroscopic circulation (red) and a
cluster of free opposite-sign vortices (purple disk). The associated probability density is plotted above
each scenario, with the arrows indicating the evolution over time of each distribution. The down arrows
represent the reduction in macroscopic circulation due to annihilation events, while the other arrows
represent changes in the vortex distribution due to dissipation. (B) Calculated RMS error of each decay
scenario across the 360 s experimental duration. The trace colors keep the same color scheme as in (A).
At longer times, all scenarios converge towards a similar error as the experimental splitting has almost
entirely decayed and our approach loses its discriminating power. (C) Experimentally-measured splitting
of the five tracked third-sound modes ((1,3), (1,4), (1,5), (1,7) and (1,8)) (black squares) and simulated
splitting corresponding to the four decay scenarios listed above. Each scenario is identified by the same
color code as in (A). Each third-sound mode is identified by its azimuthal mode number m, e.g. ‘8’
corresponds to mode (1,8). Plots i, ii and iii correspond to the times indicated by the dashed grey lines in
(B).
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Figure S10: RMS error map for the flat-top distribution decay scenario, computed at t = 0. The labeled
shaded regions correspond to the one-, two- and three-σ standard deviation confidence intervals. The best
fit to experiment at t=0 is provided by 15 vortices near the disk origin in this scenario (red circle).
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Figure S11: Evolution of the angular momentum of vortex-dipole metastable states.
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Figure S12: (A) Temporal decay of splitting of the (m,n) = (1, 8), (1, 7), (1, 5), (1, 4) and (1, 3) third-
sound modes in the second experimental run (top-to-bottom traces respectively). (B) Experimentally
observed temporal decay of the vortex number with the corresponding uncertainties. (C) Evolution of the
vortex dipole total kinetic energy (blue curve) and the free-vortex cluster kinetic energy (red curve). (D)
Temporal dynamics of the angular momentum of vortex-cluster metastable states.
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Figure S13: (A) A simplified model of pinning due to a hemispherical defect in a thin film of superfluid
helium of thickness d. The vortex located on the defect (central dashed line) has less kinetic energy
than one off the defect (right), due to its reduced length. (B) Background flow velocity induced by N
circulation quanta trapped around the pedestal, versus radial offset from the disk center. The horizontal
line indicates a flow velocity of 0.2 cm/s.
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Figure S14: Superfluid flow velocity as a function of the radial distance from the core, for a single circula-
tion quantum κ = h/m4 = 9.98× 10−8 m−2s−1 (blue line). By clipping the high-velocity component
of the flow field, quantized circulation around the micron-sized microtoroid pedestal (materialized by
vertical dashed gray lines), is energetically favourable.
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A B

Figure S15: (A) Flow streamlines of a point vortex (red dot) offset from the center inside a circular
domain (black circle). The no-flow boundary condition is enforced by the presence of an opposite signed
image-vortex outside the boundary (blue dot) (79). (B) Flow streamlines of a point vortex (rightmost red
dot) outside a cylindrical obstacle (gray disk) in a 2D plane. The no-flow boundary condition is enforced
by an opposite signed image-vortex inside the obstacle (blue dot) and a same-signed image vortex in the
center of the obstacle (left red dot).
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Figure S16: Two alternate decay scenarios for a large (κ � 1) circulation trapped around the device
pedestal. (A) Positive vortex (red) exiting the large positive pinned circulation around the central pedestal
(greyed-out region). Blue arrows display the flow streamlines calculated from Eq. (S17). (B) Incoming
negative vortex (blue) annihilating with the positive circulation on the device pedestal. (C) Calculated
kinetic energy cost of the decay processes illustrated in (A) and (B), starting from a positive circulation of
11× κ around the pedestal. (red curve: escaping positive vortex; blue curve: incoming negative vortex).
The dashed red line marks the theoretical energy drop from the removal of one circulation quantum. (D)
Zoom-in of the region marked by an asterisk ’*’ in (C), highlighting the potential barrier for the shedding
of positive vortices. Solid red line and dashed red line show the potential barriers starting from a positive
circulation of 11× κ and 31× κ around the pedestal respectively. Greyed out region marks the location
of the pedestal.
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Mode fdisk (Hz) fannulus (Hz) ∆fdisk (Hz) ∆fannulus (Hz) ferror (%) ∆ferror (%)
(0,1) 57318 57426 - - 0.19 -
(1,6) 269484 267301 193.3 188.3 0.81 2.6
(1,8) 363633 360127 261.8 256.7 0.96 1.95

Table S1: Comparison table for the eigenfrequencies and splitting in a disk vs annular geometry. Frequency
and splitting values quoted for the eigenmodes of a 30 micron radius disk / a 30 micron outer radius
annulus (see eigenmodes in Fig. S3). Frequency values are quoted for a 10 nm thick superfluid film.
The frequency error (ferror) and splitting error (∆ferror) are typically quite small, below 3 %. Modes
with m = 0 cannot be decomposed in the basis of clockwise and counter-clockwise rotating modes and
experience therefore no splitting.
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